We obtain an expression for the matrix element for a twisted (Laguerre-Gaussian profile) photon scattering from a hydrogen atom. We consider photons incoming with an orbital angular momentum (OAM) of ℓ , carried by a factor of e iℓφ not present in a plane-wave or pure Gaussian profile beam. The nature of the transfer of +2ℓ units of OAM from the photon to the azimuthal atomic quantum number of the atom is investigated. We obtain simple formulae for these OAM flip transitions for elastic forward scattering of twisted photons when the photon wavelength λ is large compared with the atomic target size a, and small compared the Rayleigh range z R , which characterizes the collimation length of the twisted photon beam.
I. INTRODUCTION
The interaction of twisted photons with atomic electrons differs from that of plane-wave photons. This difference arises from a phase factor of e iℓφ , which changes the parity symmetry enabling the twisted photon to transfer orbital angular momentum (OAM) to a hydrogen atom. In addition, the vortex geometry of a twisted photon may allow more flexibility in how it interacts with an atom than does the simpler symmetry of a plane-wave photon.
While a plane wave photon is characterized only by its wavelength, a twisted photon, like a Gaussian beam, possesses an additional length scale, namely the waist size of the vortex.
An atom typically offers possible variation of quantum numbers N, L, and M (ignoring the usually weak spin flip of the electron itself) to entice a photon to react. The atomic size varies with N, while L and M regulate the transfer of angular momentum. Twisted photons can transfer OAM to an atom in addition to the spin angular momentum (SAM) that may be exchanged by a plane-wave (Gaussian profile) photon.
The existence of OAM in a twisted photon, as distinct from its SAM, has been established on classical and quantum mechanical grounds [1] [2] [3] [4] [5] [6] . A collimated coherent beam of photons that carry OAM is called an optical vortex [7] , a twisted beam [8] , or a helical laser beam [9] . Such beams have a Laguerre-Gaussian transverse profile. Whereas there is an analogy between photonic and atomic orbital angular momenta, there is a significant
difference. An atomic state of total angular momentum L is (2L + 1)-fold degenerate, as there are 2L + 1 possible values of the corresponding magnetic quantum number M. By contrast, a photonic state of orbital angular momentum |ℓ| has a two-fold degeneracy, with the "magnetic" quantum number m taking on one of the two values +ℓ and −ℓ. Any such pair of modes with opposite OAM values and a common radial profile defines a basis for a two-dimensional OAM subspace in which one can encode a generic qubit [9] .
The two basic single-qubit flip operations in quantum computation are the bit flip and the phase flip. Both of these operations have been implemented successfully with photons possessing orbital angular momentum [7, 10] . Because there is the possibility of an unwanted interaction between the photons and the atoms of the medium involving an exchange of angular momentum, errors can interfere with the communication of quantum information using such twisted photons. The interactions of photons with atoms have been studied for nearly a century. But the interaction of twisted photons with matter has been the focus of attention only within the past decade or so [6, 11, 12] , even though OAM transfer from a twisted photon to an atomic electron has not been described during that time.
Elastic scattering of twisted photons into the forward direction with no change in their radial distribution is of special interest in quantum computing [13] [14] [15] , motivating this paper.
Here we obtain, for the first time, an expression for the dominant matrix element for a transition from ℓ to −ℓ for elastic forward scattering of twisted photons interacting with atomic hydrogen. We develop an explicit expression for, and analyze, this matrix element.
Whereas a flip of the SAM of a plane-wave photon scattered elastically forward by an atom is forbidden [16] , we show that such a restriction does not hold for an OAM flip for a twisted photon. For twisted photons elastically scattered into the forward direction, we show that a significant transition rate may be possible for this (OAM) process in atomic hydrogen, especially when the photon wavelength λ is not much larger than the target size a and not much smaller than z R , the Rayleigh range that sets the geometry of the optical vortex.
In what follows we first identify the matrix element of interest in this process, and specify our assumptions and approximations. Then we formulate elastic forward scattering of photons from atomic hydrogen for plane-wave photons, noting that a transition from s = ±1
to s = ∓1 is forbidden for such plane-wave photons. Next we replace the incoming and outgoing plane-wave photons by twisted photons, which carry OAM ℓ in addition to the SAM s. The transition rate for twisted photons elastically scattered into the forward direction is non-zero and may be significant. We subsequently discuss the physical nature of this ℓ → −ℓ transition, interactions with macroscopic targets, and possible future directions and applications. We conclude with a summary of the main points of this paper.
In this paper we generally work in atomic units e 2 = m e = = 1, except where explicit inclusion of or m is helpful in clarifying a concept.
II. CENTRAL MATRIX ELEMENT; ASSUMPTIONS AND APPROXIMATIONS

A. Our central matrix element
In the wave picture, the first Born matrix element for electronic transitions in atoms interacting with plane-wave photons is
where (E f − E i )|M| 2 /| q| 2 is the generalized oscillator strength [16] [17] [18] . This matrix element, M = f |e i q· r |i , is the key quantity of interest in this paper. Here, |i and |f correspond to initial-and final-state atomic wave functions φ i and φ f with energies E i and E f , and 
We note that for visible photons interacting with electrons in low-lying atomic energy levels, qa ≤ 2πa/λ ≪ 1, where a is the radius of our hydrogen atom. Via the e i q· r factor, this reduces the cross section from πa 2 by a factor of order (a/λ) 2 ∼ 10 −8 , i.e., from the geometric cross section of the atom to the smaller Thompson scattering cross section, as noted below.
Photo-absorption (or emission) differs from scattering of a photon. In the former case there is a single incoming (or outgoing) photon, and the direction of the photon momentum, k, is a natural axis of symmetry. Transfer of angular momentum must take place along thek direction in photo-absorption, corresponding to the selection rule ∆s = ±1 for SAM transfer by plane-wave photons.
By contrast, for photon scattering, of interest to us in this paper, there are both incoming and outgoing photons, in general with different momenta, k i and k f . Now, as we see in Eq. (1), it is the momentum transfer q that determines the axis of symmetry. Furthermore, it is q that corresponds to the momentum P in the classical equation for the electronic orbital angular momentum, L = R × P . This yields the selection rule ∆s = ±1, corresponding to transfer of one unit of s parallel to q. In the case of inelastic scattering, q ≥ q min > 0 and q =k except for scattering angle Θ = 0, i.e., except for perfectly forward scattering.
For elastic scattering, k i = k f = k and q =q k sin Θ, whereq ·k = sin Θ → 0 as Θ → 0.
That is, for elastic scattering of photons [21] (or incident plane-wave protons or electrons [17] ),q serves as a mathematical axis of symmetry, and near the limit Θ → 0, there are two mutually perpendicular axes of symmetry, namelyk andq.
B. Assumptions and approximations
In evaluating the matrix element for scattering of twisted photons from atomic hydrogen in section IV below, we use a number of assumptions and approximations.
The coupling H int between an atomic electron and a photon arises from the kinetic energy term in the Hamiltonian of the photon-atom system when
The scattering amplitude, containing our matrix element M, is conventionally expanded in a perturbation series in H int , with the lowest-order term consisting of P · A, A· P , and A · A terms. The first two terms correspond to photo-absorption or photo-emission [22] , and the last term represents the scattering of the photon by the electron [16] . For plane-wave photons in the visible part of the electromagnetic spectrum, photo-absorption is normally the dominant process. But it is not of interest to us here, except to explain, e.g. below
Eq. (1), how photon absorption differs from photon scattering. Thus we focus on the A · A term.
We have also considered the contribution of second-order terms in P · A and A · P to photon-electron scattering. Working in the length gauge, where we may avoid the noncommutativity of the momentum P = −i ∇ r with other operators, one finds that these second-order terms give a contribution of order (a/λ) 2 compared to the first-order A · A term, since each P operator gives rise to a factor of a/λ, assumed to be small. For these ( P · A) 2 type terms, propagation in intermediate states is suppressed by additional factors a/λ. Also we neglect the small momentum coupling with the atomic nucleus [6] , i.e., the translational degree of freedom of the atom is not included.
We consider scattering from atomic hydrogen. Not all matter is hydrogenic. One limitation is that the hydrogenic angular momentum quantum numbers are not exact for other atoms [23] . Also atoms could be externally aligned, or could have different polarizations.
As usual, we assume that the spin flip of an atomic electron, due to a magnetic field, is rare for photon scattering.
For scattering by a twisted photon, we assume that the atom is at the center of the optical vortex. Obviously, we make this assumption for the sake of mathematical symmetry rather than experimental convenience. We discuss this later.
Thus, in essence we assume that we may simply redo the matrix calculation for plane-wave photons (Eq. (1)), replacing the plane wave fields by those for twisted photons.
III. MATRIX ELEMENT FOR PLANE-WAVE PHOTONS
The matrix element arising from the A · A term, where A corresponds to a plane-wave photon, has been evaluated in atomic physics in processes related to Compton scattering.
The relevant matrix element is [16, 24 ]
ThusΛ f ·Λ i → 1, i.e., change of polarization is forbidden. Furthermore, for elastically scattered photons in the forward direction (q → 0), this matrix element goes to zero when |f = |i since f |i = 0 for the atomic wave functions.
IV. MATRIX ELEMENT FOR TWISTED PHOTONS
A. Spatial dependence of a twisted photon
The vector potential for a twisted photon propagating in the z direction [25] may be written as
where the polarization directionΛ lies in the x-y plane. For a specific mode characterized by radial index p and winding number ℓ, the transverse profile in the paraxial approximation is given by [25, 26] ,
Here the photon carries momentum k propagating in theẑ direction, w(z) = 
The index p is the number of radial nodes in the intensity distribution, and ℓ is the azimuthal index, which is of special interest in this paper.
We now choose to re-express the spatial function of the twisted photon in spherical coordinates, taking ρ = r sin θ and z = r cos θ, in order to calculate matrix elements. Then we have,
The factor that is the key to transfer of OAM is e iℓφ , which can couple with a mathematically similar factor in the wave function of a hydrogen atom. This e iℓφ phase factor is not present in the spatial distribution for a plane-wave photon or Gaussian beam. We note that the Gouy phase depends on |ℓ| and not ℓ. This means that the parity of the Gouy phase does not change as ℓ → −ℓ. This avoids an additional mirror antisymmetry that can occur when ψ → ψ * . This will be key to understanding the parity of the photon-atom system, which determines how the quantum number ℓ of the twisted photon is allowed to change to −ℓ, with a corresponding change ∆M = 2ℓ in the orbital angular momentum of the hydrogen atom.
B. Derivation of the matrix elements for twisted photons
Now we apply the same assumptions used to obtain Eq. (3) for the A · A matrix element for plane-wave photons, replacing the expression e i k· r in A in Eq. (3) by the corresponding, more complex, expression from Eq. (6) for twisted photons.
For scattering away from the forward direction, the initial and final photon states acquire different momentum directions k. Often it may be advantageous to choose the z-axis parallel to q = k i − k f , as noted below Eq. (2). However, we will soon be interested in elastic scattering in the forward direction where q = 0. For this reason it is convenient here to choose the z-axis parallel tok i to preserve the mathematical form of Eq. (6), and to let M i,f be the initial and final z-components of the electronic orbital angular momentum. Thus, taking u p,ℓ from Eq. (6), we have,
Here (θ, φ) are spherical angles defined so that the north pole θ = 0 corresponds to thek i direction, while (θ ′ , φ ′ ) is a coordinate system rotated by the scattering angle Θ, so that θ ′ = 0 corresponds to thek f direction. As in Eq. (3), M is multiplied in the full matrix element by the polarization factorΛ f ·Λ i . Eq. (7) is the most general expression in this paper. It is valid for all scattering angles, not just Θ = 0 that is one focus of attention in this paper.
For applications in quantum computation cited in the introduction, and for mathematical simplicity, we focus attention on cases where ℓ f = −ℓ i = −ℓ, corresponding to an OAM qubit flip of the twisted photon. In the case of forward scattering, this implies a transfer of precisely 2ℓ units of angular momentum. We also take p f = p i = p and N f = N i = N, causing the Gouy phase to disappear from the matrix element. Then,
In the integration over φ, an allowed transition occurs when M f − M i = 2ℓ, so that 2ℓ units of OAM are transferred from the twisted photon to the hydrogenic target. This requires that the principal quantum number of the target atom be restricted to N ≥ N min , where
For scattering away from the forward direction, when λ ≫ a, rapidly oscillating e i q· r terms may reduce transition rates. When k f = k i , it is advantageous to choose the z-axis parallel to q = k i − k f , as noted below Eq. (2), since the calculation simplifies and selection rules emerge. We also note that the matrix element of Eq. (8) reduces to the matrix element for Gaussian beams, when ℓ → 0 and p → 0, and this expression in turn reduces to the matrix element for plane waves in the limit w(0) → ∞ and hence z R → ∞.
C. Matrix element to leading order in a/w(0)
In this section we restrict our attention to physical conditions where as x → 0, we find that, to lowest order, the matrix element M reduces to
This is obviously non-zero, so that an OAM angular momentum exchange of 2ℓ can occur for twisted photons elastically scattered into the forward direction. It is also apparent that the transition rate scales with |ℓ| as (a/w(0)) 4|ℓ| , due to the reduction of the twisted beam intensity along the beam axis. This scaling is to be compared with the (a/λ) 4 scaling for plane wave photon scattering (where OAM exchange is absent). Since w(0) λ by the uncertainty principle, we see that the absence of a/λ suppression in OAM transfer is more then compensated for by a/w(0) suppression, at least for an atom centered on the beam axis.
Since a/w(0) ≪ 1, using w(0) = λz R /π we necessarily have a/z R ≪ 1. Under these 
where ρ = r sin θ and ρ 2|ℓ| ∼ a 2|ℓ| , and a is the target size. Thus, the transition rate is relatively small when a/w(0) ≪ 1 (and thus a/z R ≪ 1). It is also relevant to the transition rate that a scales as the square of the principal quantum number, N = |ℓ| + 1, so that
, where a 0 is the Bohr radius. The mathematical symmetry of a twisted photon differs from that of a plane-wave photon or Gaussian beam due to the presence of the e iℓφ factor in the spatial distribution of the twisted photon. In general, either through absorption/emission or scattering, a plane wave photon or Gaussian beam may transfer spin angular momentum to a hydrogen atom, whereas twisted photons can transfer orbital or spin angular momentum or both to a hydrogen atom.
However, the transfer of ℓ and s have a different mathematical symmetry, corresponding to different parity of the photon-atom system. This corresponds to the different symmetries of the electric vector field, E, and magnetic pseudo-vector field, B. Changes in ℓ are caused by E at leading order, while B causes changes in s. For plane-wave photons, the matrix element for forward scattering is zero (see Eq. (1)) due to the orthogonality of the atomic states for different M. It is to be noted that the expansion of Eq. (2) for plane-wave photons in powers of q · r vanishes at zeroth order, while the term of the same order in Eq. (8) for twisted photons is non-zero. Thus the e iℓφ factor in OAM transfer effectively removes parity blocking present in SAM transfer ( F |I =0), analogous to restoration of right-handedness in a reflection from a second mirror.
The symmetry of the Gouy phase around z = 0 (which we also take to be the center of the atom) is essential to our result. Specifically, if the Gouy phase depended on ℓ instead of |ℓ|, the ℓ → −ℓ scattering matrix element in Eq. (8) would contain a phase factor,
This phase is odd in z = r cos θ and would cause the integration over θ in Eq. (8) to vanish, implying a forbidden OAM ℓ → −ℓ transition.
We also note that while M f − M i = ∆M = 2ℓ is required in Eq. (8), the special case We have assumed in Sec. II B that the hydrogen atom is at the center of the twisted photon vortex. This was done because it enhances the symmetry of the photon-atom system.
We have used this symmetry in both our derivations and our analysis. If the atom is not at the center of the vortex, the transition rate may change. This seems evident from the √ 2r sin θ/w(r cos θ) 2|ℓ| factor in Eq. By comparing the matrix element for OAM transfer in twisted beams with the matrix element for the scattering of a Gaussian beam on an atomic target, a properly normalized cross section for OAM transfer may be obtained [17, 24] . The Klein-Nishina effect, not included in this paper but often included in standard formulae for Compton scattering, is small when λ > 2.5 × 10 −12 m. In our view, it is also interesting to reformulate this problem using the particle picture, which yields probability amplitudes automatically normalized to unity. For scattering of protons (or ions or electrons) from atoms [27, 28] , the scattering amplitude, f ( q) in the wave picture, is related to the transition probability amplitude, a( b)
in the particle picture, by f ( q) = (M r v/2π)
, where M r is the reduced mass of the projectile-atom system, v is the projectile speed, and b is the impact parameter. For incident plane-wave protons, corresponding to straight-line classical trajectories, one then has R(t) = b +ẑvt. We plan to investigate the application of this approach to the scattering of twisted light, where in the classical limit R(t) corresponds to the classical trajectory of the photon. Furthermore, we intend to explore the effect of relaxing the assumption made earlier, where the atom is restricted to be at the center of the twisted vortex.
Using the particle representation, it may be sensible, under appropriate physical conditions, to treat elastic forward scattering from atomic hydrogen as a coupling between two degenerate qubits, or two-state systems. A similar degenerate qubit has been analyzed by Shakov et al. [29] for 2s − 2p transitions in atomic hydrogen using plane-wave photons with wavelengths in the microwave regime. Their simple system yields simple algebraic solutions that can be used to determine conditions under which the transition amplitude from one state to the other is either 1 or 0, corresponding to the action integral being an integer multiple of π /2, or a phase rotation being a multiple of π/2 in the simplest case. Our case appears to be mathematically similar, with the action integral being, for example, proportional to
where T is the duration of a twisted photon pulse that is suddenly turned on and then off. The transition matrix element of interest for a twisted photon elastically scattering into the forward direction is proportional to that given in Eq. (8) . This twisted photon-atom system corresponds to a two-qubit system that can be controlled. Experimental evidence for quantum control has been available for several years [30] . In this way the transfer of 2ℓ of angular momentum using twisted photons could have applications in quantum information.
We speculate that, in principle, it might be possible to modulate the twisted beam to transfer information to different atoms (or locations in a macroscopic target). However, we point out that such a modification would most likely be useful when the beam waist w(0) is not very large compared to the target size, a. Such an application using an atomic target seems remote at this time.
VI. SUMMARY
In this paper we have derived explicit expressions for the matrix element for a twisted (Laguerre-Gaussian) photon interacting with a hydrogen atom. While a pure Gaussian or plane-wave photon caries an intrinsic spin, s, a twisted photon carries an an additional orbital angular momentum, ℓ, which can also be transferred to a hydrogen atom.
Symmetry plays an important role in this matrix element. The factor of e iℓφ present for a twisted photon, but not in a plane-wave photon, provides a different mathematical symmetry in the matrix element for the transfer of OAM to an atomic electron compared to transfer of SAM. Specifically, the matrix element for OAM transfer has a series expansion that includes a term of zeroth order in q · r, whereas in the corresponding series for plane wave photon scattering, such a term vanishes.
Geometric symmetry also plays a role. Unless an external axis is imposed on the atom (e.g. by an electric or magnetic field), the atom is initially symmetric. Twisted photons have a cylindrical symmetry. Three different geometric length scales appear in our formulation: a, the size of the target; λ, the photon wavelength; and z R , the Rayleigh range that determines the vortex geometry of the twisted photon. Each may be adjusted physically and may thus be used to vary reaction rates with twisted photons. In the case of a hydrogen atom, the target size, a, may be increased from the Bohr radius by preparing the target in a Rydberg state. The expressions of Allen [25] , which we use, are obtained in the paraxial approximation, and require that λ ≪ z R .
Forward scattering introduces a symmetry not present when the photon is scattered into a finite angle. Elastic scattering provides an additional symmetry in whichq is perpendicular tok in the forward direction, where transfer of OAM appears to be relatively large. For elastic scattering of twisted photons in the forward direction, we have presented simple expressions for the matrix elements with explicit scaling in the hydrogenic quantum numbers N and L for some special limiting cases. When the atomic size a is small compared with the beam waist w(0) ∼ √ λz R , the transition matrix element for OAM transfer can become quite small. In addition the matrix element varies with the radial index p of the twisted photon (defining the size of the radial distribution) and the principal quantum number N of the atom (defining the size of the atom) as well as with the photon winding number ℓ. Thus the transition rates may be controlled by physically adjusting one or more of the spatial scales z R , λ, and a, and the quantum numbers p, ℓ, N, and L.
